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Abstract. This paper contains the following results: 

(a) Suppose that X 7^ {0} is a Banach space and (L, t) is a non-empty locally 
compact Hausdorff space without isolated points. Then each linear operator 
T: Co{L,X) — > Co(ij,X) whose range does not contain an isomorphic copy of 
Coo satisfies the Daugavet equality ||I + r|| = 1 + 

(b) Let r be a non-empty set and X, Y be Banach spaces such that X is reflexive 
and Y does not contain cq isomorphically. Then any continuous linear operator 
T: co(r, X) — + Y is weakly compact. 



1. Introduction 

In what follows X, Y and Z are real Banach spaces different from {0}, L is a non- 
empty locally compact Hausdorff space and Co{L,X) denotes the || • ||oo-normed 
Banach space of X- valued continuous functions on L vanishing at infinity. This work 
is related to the result due to P. Cembranos [2] that if K is an infinite compact 
and X is an infinite-dimensional Banach space, then the Banach space C{K,X) of 
X- valued continuous functions on K contains a complemented copy of cq. See also 
the related paper [T] where the Dicudonnc property of C{K, X) is studied. 

Taking another direction, we will study continuous linear operators of the type 
(*) T: Co{L,X) Y, where Y does not contain cq isomorphically. 
Above there is a structural disparity between spaces Co{L, X) and Y, since typically 
the former space contains copies of Cq in abundance. This difference has a strong 
impact on the properties of T. Namely, it turns out that the range of T in Y is 
small in some sense. 

If L does not contain isolated points, then an operator T: Ca{L,X) Co{L,X) 
of type (*) satisfies the Daugavet type equality ||I + T|| = 1 + ||T|| (see Theorem 
2.ip . See [5] for recent discussion on matters related to the Daugavet property. 

If L is discrete, X is reflexive and cq is not contained in Y isomorphically, then 
an operator T: Cq{L,X) ^ Y is weakly compact (see Theorem 12. 3p . 



Preliminaries. Here X and Y denote real Banach spaces. The closed unit ball 
and the unit sphere of X are denoted by Bx and Sx, respectively. An identity 
mapping is denoted by I. An operator T: X — > Y is weakly compact if T(Bx) is 
weakly compact. If X ^ {0}, then we say that X is non-trivial. For given sets 
A C B the mapping XA- B — » {0, 1} is determined by XA{t) = 1 if and only if 
t ^ A. We refer to [3], [4] and [6] for suitable background information including 
definitions and basic results. 
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2. Results 

Theorem 2.1. Let be a non-trivial Banach space and {L,t) a non-empty lo- 
cally compact Hausdorff space without isolated points. Then each linear operator 
T: Co(i,X) Co^LjX) whose range does not contain an isomorphic copy of cqq 
satisfies the Daugavet equality 

\\1 + T\\ = 1 + ||T||. 

Let us first make some preparations before giving tlie proof. It is easy to see tliat 
the range of T contains cqo isomorphically if and only if the closure of the range 
contains cq. 

The assumption that L does not contain isolated points cannot be removed. 
Indeed, if L is not a singleton, to E L is an isolated point and X contains no iso- 
morphic copy of Co, then the Hnear operator T: Co{L, X) ^ X; F i-^ ^X{to}{ )Pi ) 
is of type (*) and satisfies | |T| | = | |I + T] | = 1. 

The above Theorem O holds analogously for T: CB{L,X) CB{L,X), essen- 
tially with the same proof. Here CB{L,X) is the || • ||oo-normcd Banach space of 
X-valued bounded continuous functions on L. 

For a linear operator T: Co{L,X) ^ Y we denote 

osct(A) =sup{||rF|| : F e B^l.x), L\U C F-^{0)} for A C L. 

Lemma 2.2. Let T: Cq{L,X) — s- Y &e a linear operator, where Y does not contain 
Co isomorphically. Suppose that (Ki)nGN is a sequence of pair-wise disjoint non- 
empty open subsets of L. Then osct(Ki) — > as n 0. 

Proof. By passing to a subsequence it suffices, without loss of generality, to show 
that inf„gN osct(Ki) — 0. Indeed, assume to the contrary that there is some d > Q 
such that osct(Ki) > d for all n G N. This means that one can find a sequence 
(i^„)„gN C (i-|-l)Bco(L,x) such that F^ is supported in K and ||r(i^„)|| = 1 for n G 
N. Note that for each finite subset / C N it holds that Y^tei (l + 1)Bco(l,x) 
as V„ are pair-wise disjoint. Since T is linear and continuous, we obtain that 



sup 

e,/ 



< ( ^ + 1 1 IITI 



where the supremum is taken over all signs e:N^{ — 1,1} and finite subsets / C N. 

Recall the well-known result due to Bessaga and Pelczynski (see e.g. 4, p. 202]) 
that in a Banach space Y a sequence (j/n) C Sy is equivalent to the standard unit 
vector basis of co if and only if sup^ i W^i^i ^iUiW < (supremum taken as above) . 
By placing yi — T{Fi) we obtain that the range of T contains cqo isomorphically, 
which contradicts the assumptions. Hence inf„gN osct(Ki) =0. □ 

Proof of Theorem \2.1\ Recall that as (i, r) is a locally compact Hausdorff space it 
is completely regular, that is, for each closed set C C i and t G L\C there is a 
continuous map s: L ^M. such that s(C) = {0} and s{t) = 1. 

Suppose that there are no isolated points in {L,t). Let T: Co(i, X) Co{L, X) 
be a linear operator. If the operator norm of T is or oo, then the Daugavet 
equation holds trivially, so that we may concentrate on the case ||T|| = C G (0, oo). 
Let fc G N. Fix G Sco(l,x) such that G^TF satisfies ||G|| > C - \. Consider 
the open subspace U ^ {t e L : \\G{t)\\ > C - of L. 
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We can pick a sequence (Vn)nGN C ?7 of pair-wise disjoint open subsets as follows. 
Clearly U is also a locally compact (even compact) Hausdorff space which does 
not contain isolated points. Hence U itself is not a singleton, and we may take 
two points ioi^i ^ U, tg ti. Since C/ is a Hausdorff space, there are disjoint 
open neighbourhoods Uo,Ui C U oi to and <i, respectively. By repeating the 
same reasoning, pick iio,tii S Ui, tiQ ^ t\\ and disjoint open neigbourhoods 
t^iOj V\\ C U\ of iio and in, respectively. Similarly, pick tno, iiii S /7ii, ino 7^ ^iii 
and the corresponding disjoint open neighbourhoods J/no, U\\\ C ?7ii. Proceeding 
in this manner yields a sequence of pair-wise disjoint open subsets by letting Yn — 
Us, s e {1}" X {0} for n g N. 

Since cq <it T{Co{L,X)) we obtain by using Lemma [2.21 that osct(Ki) — > as 
n ^ 00. Fix n £ N such that osct(KO < -^^ Let uq G t/„. By using the complete 
regularity of L one can find a continuous map s : i — » [0, 1] such that s{L\Vn) = {0} 
and s(uo) — 1. Observe that the mappings s(-)F(-) and max(il|G(-)||x) ^^'-^ 
elements of 'Bco{l,x)- Hence 

(2.1) ||T(s(.)F(.))||co(L,x)<^and 



^( max(l,||G(.)||x)^^'^ 



1 

< - 

Co(L,X) ^ 



by the definition of osct(Ki)- Note that 

< {i-sm\F{t)\\x + m < 1 



{l-s{t))F{t) n'Trmii 

max(l, ||G(i)||x) 



X 



for all t £ L. Hence E{-) = (1 — s{-))F{-) + niax(i IIG'(-)llx) ^^'-^ defines an element 
of 'Bco{L,x)- Note that is a kind of interpolation of F and G. 
Observe that 

\\G~T{E)\\<1 



according to (I2.1|l . and that 

l|£^ + G||c„(L,x) > \\{E + G)uo\\x^\\j^^0^Giuo) + Giuo) 
= l + ||G(uo)||x>l + C-i. 

Thus 

||I + T|| > ll^-f T(^)|| > \\E + G\\ - \\G-T{E)\\ > 1 + | 

k 

and by letting fc ^ 00 we obtain that ||I + T|| > 1 + G = 1 -|- ||T||. By the triangle 
inequality ||I -I- r|| < 1 + ||T|| and we have the claim. □ 

Let us recall a few classical results due to James which are applied here fre- 
quently: A closed convex subset G C X is weakly compact if and only if each 
/ G X* attains its supremum over G, and X is reflexive if and only if Bx is weakly 
compact (see e.g. [H Ch.3]). 

Theorem 2.3. Let T be a non-empty set and X, Y be Banach spaces such that X 
is reflexive and Y does not contain cq isomorphically. Then any continuous linear 
operator T: co(r,X) — > Y is weakly compact. 

The above result holds similarly for 1°°{T^ X) in place of co(r, X), essentially with 
the same proof. Note that the operators I : cq (N, X) cq (N, X) and T : cq (N, Y) 
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Y; (j/n) I— > (j/i, 0, 0, . . .) are not weakly compact for any non-trivial X and non- 
reflexive Y according to the James characterization of rcflexivity. Hence neither of 
the assumptions about the reflexivity or the non-containment of cq can be removed. 

Proof of Theorem \2.3[ Let T: co(r,X) ^ Y be a continuous linear operator such 
that T(Y) does not contain cq. One may write co(r,X) = Co(r,X) isometrically 
where F on the right hand side is interpreted as a discrete topological space. 

We claim that the sum J2'yer'^^^T{{j}) is defined and finite. Indeed, other- 
wise one can extract pair-wise disjoint (open) subsets r„ C F, n g N, such that 
X]76r„ ^^'-^({7}) > 1 for n e N. However, since cq <^ T{Y), Lemma [2?2] vields 
that this case does not occur. Thus there exists a sequence (7„)„eN C F such that 
osct(F \ {7n}n<fe) ^ as fc ^ oo. 

In order to verify the statement of the theorem we must show that T(Bcp(r,x)) 
is weakly compact. In doing this we will apply the James characterization of 
weakly compact sets. Fix / G Y*. It suffices to show that / attains its supre- 
mum over T(Bco(r.x))- Observe that f oT defines an element of Co(r,X)*. For 
each k E N define a contractive linear projection Pk'. co(F,X) — * co(r,X) by 
Pkfi-) = X{7„}„<. (■)/(•)• Put gfe = / o To Pfe and = Pfc(co(F,X)) for fc e N. 
Note that gk restricted to satisfies gk\z^ G Z^, where Z^ — fi{{^n}n<k,^*) 
isometrically for k € N. Clearly gk+i\z — fffelz k,l E N. Hence there is a 
sequence (a;* )„gN C X* such that 

Cfc \ fc 

^{7„}(-)2/n ] = ^n(y^) 
ri=l / ri=l 

for I]n=i X{7„}yn G Zfc, he N. 

Observe that since X is reflexive, there exists according to the James character- 
ization of reflexivity a sequence {xn)neN C Sx such that (a:„) — ||x* || for n G N. 
It follows that 

k 

(2.3) E<(^") = llff'^ll forfcGN. 

Now, since oscT(r \ {'jn}n<k) — > as fc — > oo, we obtain that 

(2.4) lim llT-ToPfcll = and lim | - / o T| | = 0. 

By putting these observations together and using the continuity of T we obtain 
that the sequence (T [Yln^i X{7^}(')^n ) ) C Y is Cauchy. On the other hand, 

\\foT\\>foT(^XM{-)x}j > ||5fe||-||5fc-/or||^ ll/oTll as fc ^ oo 
by using (j^ . and ([23). We conclude that 

y = lim T Vx{7„}(-)a:n e T{B^^^r,x)) 

\n=l I 

satisfies /(y) = ||/ o r|| = sup^gj^^^^^^^ /(2:), which completes the proof. □ 

Problem 2.4. We do not know if a linear operator T: Co(P,X) — > Y is weakly 
compact if Cq <^Y and L is Q- dimensional. 
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